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THE PSYCHOLOGY OF LEARNING AND TEACHING MATHEMATICS

by Richard R, Skemp

I. The aim of this paper is to discuss some of the psychological
aspects of the learning and teaching of mathematics in a form which will
be usable by teachers and educational psychologists.

The relation between this and teaching itself is that we shall
here be concerned mainly with the mental processes involved, rather thean
with teaching method in detail. The opinion of an expert mathematician
may carry much weight: but such e one is all the more likely to think
in terms of the end results, while failing to consider the often lengthy
and difficult paths whereby these have to be reached by those less expert
than himself. Successful teaching of mathematics requires first, a
knowledge of the relevant processes of learning; second, and based on
this, appropriate methods of teaching; and finally, the application of
these in the particular field of mathematics. This paper concentrates
on the first of these.

The next distinction to be made is between mathematics and its
precursors, such as arithmetic and mensuration. The importance of this
distinction lies in the fact that certain mental processes are required
for algebra which are not needed for arithmetic; and for Euclidean and
projective geometry, which are not needed for drawing and measurement,
and so on. The distinction is in the level of abstraction involved; and
the term 'mathematics! will be used to include those ideas which cannot
be given direct concrete representation. For example, the number seven
can be represented by seven physical objects: which cannot be done for
the variable x. One can draw a trisngle having sides 3, L, 5 centimetres
but one cannot draw "ABC, eny right-angled triangle". (What one does
draw is a symbolic representation of a particular class of triangles:
gquite a different matter.) Similarly the operation "adding 3" can be
represented concretely by a physical movement of three objects; but not
%differentiate with respect to x*, nor "project AB to infinity".
Anticipating a little, this means that the subject matter of mathematics
consists of purely memtal objects; and it is from this that many of its
particular difficulties arise.

Since the aim is to offer the ideas which follow in a form useful
to teachers and educational psychologists, they will be given so far as
possible in the form of basic principles heving great generelity, from
which applications to particular teaching situations can be deduced. To
supplement this, I have listed in the bibliography several recent papers
of the review type which together cover comprehensively the field of
current research.
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Ir. In view of the emphasis of the previous section on the need for a
better understanding of the mental processes involved, it is logical next

to ask what psychological research has been done which bears on the problem.
Unfortunately, it must now be admitted that there is as yet remarkably
little. This scarcity seems to be generally agreed:; e.g. Carr and Peel say,
in a summary of research on arithmetic and mathematics, "There is however
very little on the learning of arithmetic and mathematics that can be called
research". (Referemce 20). Likewise Wall and Biggs, of the (British)
National Foundation for Educational Research say: "...research into the
learning and teaching of mathematics has on the whole been short-term,
scattered and piscemeal". (17). The reason for this shortage is, in view
of the obvious need, a problem in itself.

An important part of the answer is, I think, the lack of a theory
of learning which is applicable to mathemetics. Particularly in the US:, and
also to a considerable extent elsewhere, behaviourist learning theories have
for many years held the field. These reject the study of mental processes
on grounds that only behaviour is observable, and that therefore only
behaviour is a valid subject for scientific study. The weakness of this
argument lies in the failure to distinguish between scientific evidence itself,
and theories based thereon. The former should indeed be generally
observable (by eny one with the necessary knowledge and equipment); but in
every science, & theoretical system is developed which unifies the observation
in a system of abstract ideas. No physicist would refuse to study magnetic
fields on the grounds that those were unobscrvable, and confine himself to
the study of the arrangements of iron filings. The criterion for the
scientific respectability of an observation is that others can make it too;
but for a scientific concept, the criteria are its powers to unify, to
explain &nd to predict these observables. In psychology, concepts relating
to mental processes arc as capable as any others of satisfying the above
criteria,

I confess to a little hesitation before voicing this criticism of
such a great volume of research into learning. This view is however implied
by Wall and Biges, who give (op cit) as one of our chief needs "studies...
directed at the development of a comprechensive general theory of learning and
maethematical lesrning in particular”; and in America by Buswell who in his
presidential address to the Educational Psychology Division of the American
Psychological Association, said; "Without the slightest criticism of
experiments in gensral psychology, we cannot continue to be satisfied with
implications for education from results of experiments with simple mental
processes, with animnls, and at the sub-language level.” Though this was
said in 1955, it remains true. I am further emboldened by the possibility
that this dissatisfaction with currently used theories is more widespread
than appears in what gets published, and that perhaps others are only waiting
for someone to say “The Emperor has no clothes*“t

Another weakness of contemporary learning theory is that it only
deals with the learning of isolated facts and responses, rather than
integrated systems of knowledge and skills. A characteristic of all higher
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subjects of learning is the way in which earlier stages lecad to and meke
possible the later ones: and this hierarchic depcndency is particularly
characteristic of mathematics. So any learning theory which is to be
applicable to mathematics must deal not only with thinking processes, but
with a highly organized and intercomnected system of thinking processes.
No such theory has yet been published.

The foregoing criticisms of available learning theories have not
yet shown any reason why the crisis which hes arisen should be in the
particular subject of mathematics. This leads to the question, what is
the nature of mathemetical thinking? Is there some difference between
this and other subjects which makes it harder to learn? Or perhaps it
involves a differcnt learning process, so that the poorer results are due
to the unappropriate use of methods which may be gquitc suitable for other
subjects?

There have been wvarious studies of mathematical thinking, of which
some are listed in the bibliography (12, 13, 14). Theso however tend to
be less descriptions of methematical thinking then themselves examples of
it: that is, they are high order generalizetions about mathematical
thought, these genoralizations being themselves of & nature vhich is more
like higher methemetics than anything else. Their other liaitation is
that they describe only the end result; and knowledge of a goal is not a
sufficient condition of Imowing how to get there. However, the former
information is also necessary; and for our present purpose, mothematics
may be described as ome particuler structure of abstract ways of thinking
which is applicable to a wide variety of situations, including many which
are very different from those in which the former were first developed.
This definition mekes explicit three points of particular importance for
the present study; <the concepusl ond highly structured nature of
mathematics, and the detachability of its concepts from their original
context. These points will now be developed further.

Firstly, concepts are different from facts, and the process of
concept-formation is different from the learning of facts. Sccondly,
the learning of a structure is something more than tho learning of a
collection of isolated details. Thirdly, wherees the responses which
form part of stimulus-response leerning theory are automatic, stimulus-
bound, and capable of being rote-learnt, true mathematics requires
deliberate and generalized operations, ®nd their acquisition depends on
understanding. Further, thc detachability of these concepts and
opcrations from their origins, and their dcliberate extrapolation to new
developments and applications, is closely related to their becoming
themselves objects of comsciousness. These objects of mathematical
thinking have, unlike those of other sciences, only mental oxistence.
Methematics is thus essentially a reflective process, and is qualitatively
different from activities based on sensori-motor interaction with the out-

side world.,
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It is the failure to realize these differences which has caused
much of the lack of success by teachers and researchers. The former often
try to teach mathometics as if it were a collection of facts and responses,
instead of a structure of concepts and operations, The latter, with e few
noteworthy oxceptions, mainly still try to use the stimulus-response kind of
learning theory. In Europe, which has never been wholly bchaviourist in
its psychology, an awskening of interest in the development of conceptual
thinking is indicated by tle rapid recent growth of interest in and research
doriving from the work of Piaget. This has as yot, however, received little
attention in the United States.

I1I. - For a proper understanding of the psychological bases of learning
mathematics, we nced to know about

a) the formmation of concopts in general, and methemetical concepts in
perticular.

b) the learning of orgeanized structures; and in relation to this, about
the intcrnal organization of mathematical kmowledge.

¢) the processes of mathematical genoralization and exploration whereby

now concepts and opcrations arc derived at the abstract level from
existing ones.

d) problem solving and the correction of errors,
©) the function of mathematicel symbolism.
f) motivations for learning mathemetics.

&) Concept formation; A concept is not easy to define, partly because therc
are many diifcerent kinds of concept, and partly because of certain intrinsic
characteristics which will appear later. To begin with one of the simpler
sort, a class-concept is a set of propcrties which characterizes a particular
collection of' objects. For example, "trece" is the name of a class concept,
and so is "five". The former concept is the set of properties common to
oeks, ashes, olms, birches, pines; the latter is the set of properties
common to five pemmies, five buttons, fiwe men, five ships. "0ak" is itself
the name ofg class~concept, for it represents not one particular oek tree
but the set of propertics held in common by all oak-trecs. And if we group
the class-concept "troe” in a collection with other class concepts such as
"plant®, "fern¥, ¥grass", "fungus", we can derive another class-concept
“vegetable". These concepts form a hierarchy in which *tree" is subordinete
to "vegetable”, superordinate to "oak", and of the seme order as "fungus®.

chreaftcr, quotation marks will be taken as sufficient reminder that
a word used to refer to a concept is not the concept itself. This
reminder is important, because it is possiblc to have the word without
having the concept.
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Suppose now that a child asks us "What is a tree?”. Should we
answer by attempting a botanical definition, or by saying "0Oaks, ashes,
pines, apple treces, and so on -- these are all trees"? Undoubtedly the .
latter: for even if we knew the former, he would not understand it, Nor
would it suffice to say "An oak is a tree", for this would probably not
convey to him that birches snd firs are also trees, but not gooseberry
bushes. In other words, onc of the easiest ways to communicate a class-
concept is to give a number of different examples which belong to the
class. The more the number and the groater the variety, the greater the
likolihood that the person will abstract just those properties which we
intond. If we gave as cxample '"Ceks, ashes, elms"”, the child might
confinc his class~concept to deciduous trecs omly:; if "Apple-trccs,
pear-trees, plum-trees", hc might regerd gooscberry bushes as trces, but
not larches.

An important characteristic of this way of communicating a concept
is that it makes usc only of conccpts of lower order than itself, If
the answer given had beoen "A tre¢ is a member of tho vegetable kingdom
which is spormophytic, perennial, woody, and has one or fow main stems",
the child would not have understood, bccause this definition uses concepts
which are of equal or highér order then ™sroe™. If tho child does not
possess the concept "tree¥, ho is unlikely to havo the others cither.

Thoe rcader may wcll be wondering what all this has to do with
nathomatics. A great deal; for in teaching mathemetics we arc concerncd
with tho cormunication of very high order concepts, and the burden of the
forogoing is that to anyonc who is not alrcedy in posscssion of a sufficient
numbcr of concepts of a given order, new conccpts of that order ccmmot be
communicated directly. All that can be donc is to give a number of
carefully chosen examples from which the person will, it is hoped, form his
own concept. Onc cannot tcach somoome & concept in the same way as onc
can toach facts:; one can only try to arrange for him to lcarn it. It is faor
this samec rcason that it has been nccessary to approach the concept "concept”
by such a roundebout method. So far, thc conccpt +class~concept" hes (it
is hoped) been communicated by scveral examples of class-concepts, including
a mathematical oxamplo. To complete the procoss, it would be necessery
first to communicatec a number of other particular kinds of concept in the
samo way, and to hopc that from thosc, readors would form the superordinate
concept "concept®.

Some of the kinds of conccpt used in mathcmetics arc; relational
concept, opcration, abstracting, generalizing. Examplcs of relational
concepts are "oqual", “"greater than", "tends to", "function of",
"jsomorphic with". Exomples of operations aro “differcntiation”,"addition",
"projection", "substitution?. Examples of abstracting are *concopt
formation", getting the cquation", and every case in which arithmetical or
methomatical deta are derived from a practical problem. Exoamples of
goneralizing are the processcs of developing ideas about froctional and
negative indices starting from positive whole numbcr indices, and about
trigonometrical ratios of angles of sny magnitude from the definitions for
an acutc angle.
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If the roader has succecded in forming, fram so fow instances, these
particular concepts, he may be able to derive from them the superordinate
concept “concept¥. The rcason for the difficulty of giving a direct
definition of "concept" should also now be appercmb: namcly, an insufficiency
of cxisting conccpts of as high an order as itsclf.

This indirect method will probably scom very unsatisfactory to most
teachers. How cen onc ensurc that pupils form the right mathomatical concepts,
or that theoy forn them at all, cxcept by clecar and unambiguous deofinitions?
Unfortunately, a teacher's desirce that his pupils shall learn accurately is
likely to defoat its own cnds. Definitions like "a parellelogram is a planc
four-sided figurc having its opposite sidos parallel" use concepts of tho
same or highor ordcr than parallclogram, snd cannot thereforc commumniccte the
concept of parallelogram to & begimner in geomctry. The first stage has to
be the formation of a set of concepts, by the building-up process already
doseribed., Definitions are (emong other things) a tidying-up process, in
which one doccides cxactly what set of charactcristics the concept comprises.
That is to say, having formed the concopt, it may bc possible to formulate
it -~ to makc the concept the object of comsideration in itsclf, apart from
tho membors of its class from which it was abstracted,

This formulating and defining process also has the offect of relating
it to obhor conccpts of the same or higher orders, When the concept
"parallelogram” is formulated by thc definition given carlier, since it is
shown thereby to be included in the class "plane four-sided figures", overy-
thing known about tho lattor becomes applicable to parallelograms. AS soon
as a squarc is known to have its oppositc sidcs parallel, it follows that it
possesses all the propertics of a parallelogram. This ectivity of reflecting
on conccpts, investigating their mutual rclationships, devcloping '
systematic techniques of inference from a small number of basic concepts, and
dcducing statoments about particular instances (riders) from a combination
of morc general oncs (theorems), is very characteristic of formal geonectry.
But no onc can rcflect on concopts which arc not there:; and this, I suspect,
is what meny pupils at the secondary school stage erc trying to do. Formal
goomctry only becomes possible if the basic concopts imvolved have first becn
formed in the mind of the pupil by the indirect proccss of helping him to
arrivc at them for hinsclf, ‘

The hicrarchic nature of mathcmtical concepts is particularly clear
for srithmetic and algebra. Lot us consider by wey of exemple the simple
cxpansion

(x + y)ga = + 2xy + y2
The truth of this dopends on the truth of the following goneral stateronts;

(1) (x * 92 = (x + = + y)
(ii) (= * 9= * y) = x(x +*ty) + yx + ¥
(iii) Xy = yX

(iv) xy + xy = 2y
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The first appcars to represent chiefly an agreement among
mathecmaticians about notation and will not bc discussed further at this
stage (but sec also IV(a)). On the othor three, however, depends tho
validity of most of the manipulntions of algcbra.

Let us consider briefly what subordinatc concepts arc involved
in the third of thesc, xy = yx. This roprecscents symbolically the
collection of all statements such as 2 x 7« 7x2, 5x8 «8x5,

L x O a0 x Li; which is to say that it represonts a concopt. This
concept can only oxist as such in the mind of a pupil who has abstracted
it himsclf from a sufficicnt number of soparate exanples. Each of thesoc
oxermplcs will involve the concepts of thc individual numbors, of the
oporation of multiplication, and of thc relationship of oquality.

To discuss thc process of formation of the individual numbor
concepts would takc too long here (sce 1). But it may be worth pointing
out that "multiply" is an oporational conccpt, rcpreoscnting that which all
the individual operations like 2 x 7, 8 x5, 1L x 9, ctc., have in common.
Equality, again, will only cxist as a true concept if & pupil has
abstracted it himself from a numbcr of instances, thosc instances all boing
cxcmplars of the mathematical concept of cquality and non-cxemplars of
concepts rather like it such as "the same as". (Compare with the formation
of the concopt "treo").

8imiler discussions arc desirsble for statoments (ii) and (iv),
but must bc omitted to lecave space for a few words about the variables
x and y. So far, the cxamples given havo all usod the natural numbers
only, which are conccpts derived from collections of scparate objocts.
The concept of multiplication hes also only bcen developed in this context,
where L x 7 nmcans that four similar collcctions cach containing scven
unspocificd objccts are to be made into a single collection. The
succossive transitions by which x and y can comc to represent positive and
negebive integors and fractions, and the geoncralization of the concept of
nultiplication to make it applicable to thcse new concopts, cennot be
dcalt with at this stage because the processes of mathomatical gencoralisa-
tion have not yct been discussed. Bub it may be pointcd out that this pro-
ccss of gencralization is hordly likely to be possible if the concepts
which arc to be gomcralized have not becn formed, as truc concepts. (This
suggosts, in parenthoscs, a rcason for the troublc that many children have
with fractions ctc., even at the arithmetic stags) Even such a simple
algebraic process as the oxpansion of (x plus y)© turns out to be
depondent on a complex hicrarchy of class-concepts, relations, and
operations; and a pupil who lacks any of thesc subordinato conccpts
will not undcrstand what he is doing.

It is particularly difficult for a tcachecr who himself posscsses
a concept to realize that a pupil does not, for oncec a concept is formed
it scoms obvious to its posscssor. The concept, being evoked by and
structuring thc perception of the data, is pcrececived as if it were pert of
the data; and it is then difficult to imagine any other way of porceiving
this data.



-10 -

It is madc even harder for a tcacher to know whether a pupil rcally has
a concept by the fact that a rcasonably intelligent and industrious pupil can
rote-lcarn all the manipulations which arc necessary in the carly stagos. He
will find it morc difficult, for (to emticipatc a lator scction) conceptusl
learning implics schematic lcarning, and the lattor is casicr and more lasting.

The first of the basic psychological principlcs on which the lecarning
of mathcnmaties nceds to be bascd is thercfore that of the process of concept
formation, TWhen this principle has becn fully grasped, it can be applicd at
211 lcvols of mathecmatics upwards from thosc of the basic arithmetical and
elcnontary algebraic lovels which have here been uscd as exanmples. The best
way to grasp this principle is containcd within itself, namely to eoxpcricnce
as meny diffcrent examplos as possible of the process. For this, the reader
cammot do better than read as much as he can of what has bcen written on this
topic by Dicncs (scc bibliography). This work stems from Piaget!s studios
of concept development: but I think thet many of the ideas which he
attributes to Piaget arc really Diencs' own, which hc had as a rcsult of
reading Piaget's work and subscquently perccived as part of it. In schools
at Leoiccstor, and rccently at Harvard in collaboration with Professor Bruncr,
he hes pioncercd the formulation end mcthodical application of the foregoing
principles of conccpt development in the ficlds of arithmctic and carly
algecbra. Extcnsion of thcese upwards to the sccondary stage is a task which
still rcmains to be done. Beforo it can bo begun, however, there arc further
diffcrences between mathematics and arithmetic to be discussed.

b) Schematic loarning: Onc of thc most scrious defccts of contemporary
loarning thoorics for our present purpose is their failurc to take account of
the way in which coxisting knowledge makes possible, and also influcnccs,
subscquont lcernming. The morc structurod the subject itself, the morc serious
is this deficicney in any thcory which attempts to deal with the lcarning of it.
In arithmotic and mothcmatics for cxemple, kmowledge of addition and of the
nultiplication tebles make possible thc lcerning of long nultiplication; and
the lattor is nccossary (togother with several other processcs) for simple
intercst. EKnowledge of all the clementary algebraie procosscs is ncccssary
before solving cquations can be lcarnt, and the former depend in turn on
arithmetical kmowledge. Thesc facts arc so obvious that thoy arc likely to
be teken for granted; so it is usually ovcrlooked thet later loarning is
possible only because earlicr lcarning has taken & particular form. Long
division, for cxample, would be very difficult for a child who had lecarnt his
multiplication tables corrcctly, but had learnt to write the rcsults only in
Roman numcrals. Diffcromtiation of x® is only possible becauso the oxpansion
of the binemial (x plus &#x)2 ig known; and, whoro n is other than a jositivo
integer, the latter oxpension depends on a theorctical structure of
considerablc complexity. This hicrarchical arrangencnt appooars in other
subjeets to varying degrecs, but to a less cxtont. TWhon loarning a language,
ignorance of (say) onc page of irrogular verbs does not precludc learning the
noxt page, nor docs it intorforc with the translation of the wholc of a
passage in which thosc voerbs do not appear. Ignorance of the history of the
tenth contury matters little to a pupil learning tthat of the fiftcenth. In
the secicnccs, intordepondence is much greater, but still less than for
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nothomatics. Taking physics o&s an cxample, most of the theory of
electricity and magnetism can bc acquired without lmowing enything of
mochancis, or hydrostatics. Mathcomatics is probably the most inter-
dependent and hiorarchical of any structurc of knowledge curromtly
taught «

This effcct of provious loerning on a particular task has been
called by psychologists "transfer™, and has boen the subjoct of a
limited anount of rather scattered rescarch.  Probably tho best
contribution has beon that of Katone, whosc ingenious scrics of
cxperiments the reader is strongly rccormonded to recad in the original
work (9). Onec genoral result of his rcsearches has been to show that
thorc was positive transfeor, i.o. that the lecarning of onc task or
solution of onc problem was a hclp towards lecarning another task or
solving a further problem, if and only if some basic principlc of
structure or method was perceoived in the former, and could be applied to
the latter.

Katonats work has rcceived ruch less attontion than it deserves.
Part of the reason for this is to be found in the precvailing climatec of
psychological theory at the timec of its publicetion, and after. Evor
sincc tho introduction by Ebbinghaus, in 1885, of nonscnsc syllablcs such
as KBD, WUL, NAD, ctc., as matcricl for lecarning oXperimcnts, thesc and
sinilar tasks hove been used extensively as a mcans of climinating the coffcet
of provious learning: which has been regarded as an irrcleovant and
uncontrollcd variable, to bc got rid of ns fer as possible. Transfor
cffcets, where studicd, have bcon reparded as soncthing additional to
and supcrimposod upon & basic lcarning proccss, rathcer than onc of its
major dcterminants.

_Katona's cxpcriments werc conccivod, and the rcesults formulated,
in tcrms of Gestalt theory. This school of psychological thought
dovcloped as a recaction against associationist approaches to lcarning, and
its chief morit lics in its cmphasis that a 'wholo'when lcarnt is nore
than the sum of its individual parts. Tho discovery of this 'whole' (or
Gestalt, as it is tcrmed) reosults in an altorcd perception of all the
individual parts, with casicr lcarning and botter rctention. So great is
the cffcct of this change on perception that the Gestalt school has
tcnded to locote this *whole' in the perceived materisl, and regard this
aspect of lcarning (which they rightly stress) as an insight into the
under lying structure of the materiel itsclf, or, when the task is solving
problems, into the basic principle of the problem. The true site of the
Gestalt is, of coursc, in thc nind of the subjcct: and thc procoss of
insight is thc formetion thercin of a concept ~-- class-concept, reclational
conccpt, opcrational concept, or several of thesc togethor. The differonce
botween this ebstracting proccss and the perception of something
pro~cxisting in the material is crucial, for the following rcason. In
the formeor casc, but not in thic latter, the abstraction remains as part of
the mental cquipment of the subject, and is thereby capable of being used
with new matcrial and for ncw tasks and problems. Further, cach scot of
abstractions is availablc in combination with abstractions dcrived from
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other matcrisl encountcred at other times, and as a basis for further
abstractions. It is this cumulative process especially which Gestalt theory
fails adoquately to subsume; and which is so cemtral to learning activities
which (likec mathcmatics) may extend over periods of the ordor of tem, twenty,
or forty ycars.

The full inmportancc of the cxisting body of knowledge secems to be
roalizod by very fow contemporary psychologists, and there is virtually no
rcscarch into its fornmation and offects. Piaget, in his 'Psychology of
Inteclligonce!, is almost alonc in his insistcnce thorcon: and cven by thosc
who arc now using Piaget's idcas extensively, this particular onc has not yot
becen taken up. This may bc becausc the book in which it appcars is one of
his most difficult, and the implications for lcarning thcory and cducctional
psychology arc not madc cxplicit.

Piaget, following Bartlctt and Head, calls these structurcs of
ocxisting knowlcdgce schemata. Closcly rclated to this are two other important
idcas, thosc of assimiletion and accormoedation. By the former,-Piaget
noans tho fitting of now cxperionces into an cxisting schema; end by the
latter, thosc changos in a schona which cnable it to take in (or leed to) now
cxpericnces. It is these two processes separatcly, alternately, or in
combination, which prescrve the continuity of the scheme from its early sinple
boginning to the final comploxity which it may rcach. They arc therefore
fundancntal to our understanding of schenatic loarning, and it is rogrettable
once again te have to writc that I have been ablc to find no experiments
relating to these concepts in the literature of psychological or educetionsal
research. If however thce forogoing ideas arc applied to the ficld of
nathematics in combination with those of the previous section on conecept
formation, and thoso of the next scction on mathematical goncralization, sonc
very intercsting roesults can be derived. Thosc are given as hypothescs, in
Scetion IV,

In a recent cxperiment of nine, two artificial schemata were deviscd,
and used for a controlled experinent to compsre the rcsults of schematic
learning with learning in which an appropriate schema had not previously
beon learnt. Schematic lcarning was twice as effective for irmediate recall,
which a month latcr scven tires as much was rccalled of the naterial
schonatically learnt as of the other. These results nake it strikingly clcar
that the prusence or abscnce of a suitable schoma hes a vory great offect om
the success of lecarning and recall, and indicate that further rescarch is
urgently ncceded into the nature, varicties, and mode of formetion of those
schemata.  The broevity of this section is a ncaesurc, not of its inportance,
but of the lack of relevant resecarch. For mathematics above all subjccts a
schematic lcerning theory is necessary. 1In its sbsence, the hypotheses of
Scction IV have therefore to do double duty; to suggest research leading to
such a thoory, and in thc meantine to sorve in its place as indications on
which teaching methods ought probably to be based.
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¢) Mathomatical cxploration and generalization; Particularly
characteristic of mathenatics is the process of exploration and generali=-
zation whereby new class-concepts and operations are derived from
cxisting ones, and existing class-concepts and operations ars applicd in
different fields from those in which they were originally formed. In the
natural scicnces, there is constant interaction between theory and
cxperiment: and new concepts are developoed largely from eifccts obtained
and observed in the sensory world of outside objects. In mathematics,
howover, this is in general not the case, It is true that its basic
concepts arisc from scnsori-motor expericnces, and that some branches of
nathcnatics have thoir origins in practical problems -=- cege trigonometry
in swrveying, calculus in novements of accclersting bodies. But these
have been devcloped independently of their origins, and practical
applicetions, perheaps, found afterwards. De Moivre's theorem was
developed out of a complex scherng relating concepts from the calculus,
infinite serics, and complcx numbers as well as trigonometry. Its use~-
fulness in doaling with, for example, problems in alterncting current
theory results from its great power and generality, and not because it waes
based on experimental worl with alternating currents. The development of
now mathenatical ideas is almost entirely conceptual, and hercin lics
another of its special problems.

let us study the process in & sinple case, such as indices. The

pupil first encounters these in cases where the index is a positive
integer. By exanples such as X2 B XuXeXey, X0 = XeXeXeXeXo,
X2 = X.X.X.X.X, the ‘generalization is reached whereby x2 is defined as
the product of % gactors each equal to x. Fronm first principles,

oducts like x% are then evaluated, lead] to _the general rule
;pg .:l:b x® % . Sinilarly, x® :,-: i%ng x”lg axgld ()P - x2P e
arrived at. So far, the process fits exoactly the description of concept
formation described in ITI(a). 1In the next stage, however, sonething
further takes place. As derived above, the rules apply only when a and b
are positive integers such that a2b :; that is to say, the field of these
generalized operations is 2 linited class of numbers. What happens when
g =bor a<b? Again returning to first principles, by simple algebra
x5 = x/ = » while by the generalized operation we are considering,

X2 =

1 is assigned to x-h, and in general if x_

xl = X, The two opcrations can be made to agree if the meaning

% is given the meaning 1 ,

e}

In terms of the original definition, quantities such as x'h have
no neaning, and the process whereby meaning hes been assigned to these is
quite different from that whereby the earlier results werc obtained.
When a collection of results like x/ 2 x> = Hled to the discovery that
where a and b are positive integers, a being greater than b,
x® 2 xP e x®°D, this rule was derived as a superordinate concept from a
nunber of Egrticular exaniples. Bubt when a meaning was assigned to terms
such as x™*, the result of a particular division x’ 2 x/was determined
was determined by a wish to make the results of this and sinilar
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operations consistent with this rule. 1In the first case, the rule weas
derived from its exemplers; in the second, new exemplars were defined in such
a way as to fit the rule after it was formed.

Having obtained one example of this new kind, it is of course in this
case such a short further step to gemeralize it in the form x 7%= 1

=&
that the mathemetically minded person may well take both these steps as ome.

This irmmediate generalization tekes place by the process of. superordinsate
concept formation described earlier; and the new class of exemplars (negative
indices) is added to the original class to give an extended field for the
operation "dividing two powers of the same base by one another". Generali-
zation thus includes the earlier process, in alternation with the new one.
Both are examples of accommodation of the schema, the former spontaneous and
often unconscious, the latter deliberate and necessarily conscious. It is on
this new process, however, that attention must now be centred.

The process of logical deduction exemplified above is of course
already well known, end the laws by which it operates have frequently been
formulated in generel terms. But these are only yet another example of super-
ordinate concept formation, being a set of generalizations cbout a class of
acts of inference which come into the category "logical" (as distinct from
"illogical®, "wishful", etc.). TWhat they do not make explicit is the concept
of this actor or agent as an emtity in itself, capable of these acts of
inference but also of other kinds of purely mental acts, such as day-dreaming,
speculation, retionalization, etc. We can observe, compare, and arrange our
thoughts in ways analogous to those in which we can observe and manipulate
objects in the extermal onviromment: in both cases, either intelligently or
not. For examrle, we can test whether an idea is consistent or inconsistent
with our schemata, and decide whether to accept or reject it, in the same way
es we can decide by physical trial whether & piece fits a space in a jigmsaw
puzzle, or tear whether a violin is in tune. We can consider a series of
mental representations of acts, and re~arrange these to give a desired out-
come; as when we montally plan a car trip to make all our calls in the
shortest journey. This is to say that we have within us a system which is
distinet from the sensori-motor system whereby we perceive and act on physical
objects. Though the former has no visible sense organs and no set of
voluntary muscles, it is capable of both receptor and effector functions: but
the objects of these activities are not outside, physical objects, but inside,
mental objects. The system, whereby the mind turns inward on itself, I call
the reflective system; and it is one particular mode of activity of this
roflective system on & certain varicty of concepts which together ‘comprises
methematical exploration. As an example of this has already been given
(development of concepts relating to indices); and since it involves per-
ception of relationships, classification, deduction, and similer acts
usually classed as intelligent, it is logicel to include it in the same class
by calling it intelligent reflection.
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The study of concept development is now well under way; but the
systematic study of reflective intelligence has only recently been begun
(see 3, ). Is it formed in each individual simply as a result of
maturation, or hes it to be learnt?  If the latter, then details of the
learning process are of the utmost importance. Some individuals clearly
succeed in learning to reflect inmtelligently by their own efforts, just
as some succeed in forming mathematical concepts. But given a better
understending of the process of concept formation, many of those who have
hitherto failed at it can be holped to do so; and the sane should be true
for the development of mathematical and other forms of intelligent
reflection.

From their studics of the growth of logical thinking in children,
Piaget ond Inhelder (8) believe that children are not capable of formal
logical thinking before puberty. They are, however, capable of concept
formation from an early age. Since both of these activities are necessary
for the process of mathematical generalization described above, it would
follow (if Piaget and Inhclder are right) that children before this age
are not mentally ready to learn mathematics. Yet teachers try to begin
algebra and formal geometry with their pupils several years earlier; and
Dienes claims (refereonce 2) to have taught logarithms and indices to
American second grade children (agéd about 7 years), matrices and vectors
to fourth grade (nine year old) children, and other advanced mathematical
topics to pre-adolescent children.

Can such claims be justified? For it is important to lmow whether,
following Piaget's view that pre-adolescents are not recady for formal
logical processes, mathemotics should be postponed till the secondary age
group; or whether Dienes is right in considering that children can be
successfully introduced much earlier to a much wider range of mathematical
concepts than is at present customary.

I think that no contradiction is found if we exanine more closely
what Dr. Dienes has done, which has been possible to me through his
courtesy in meking available many of his methods and results in advance of
publication. He has given the mathematical concepts embodiment either in
physical material or in a game, so that by using the material in various
ways suggested to them by the experimenter, or by playing the games, the
children are led to the formation of the concepts in the first of the two
ways described. Vectors, for example, are introduced first by putting
objects on a table -- say cups, boxes, and gloves. The children are gold
that an upside cup cancels one right way up, an open box cancels a closed
one, and an inside-out glove cancels one right-way out. Any collection
of such objects on a table he defines as a vector; and by the cancellation
rule, 3 right-way up cups plus 1 upside~down cup plus 7 shut boxes plus
L open boxes plus 2 right-way out gloves plus 3 inside~out gloves is to be
considered as the same vector as 2 right-way up cups plus 3 shut boxes
plus 1 inside~-out glove. Dienes specifically states that the world thwus
created is a vector space, in which the number of dimensions is equal to
the number of the verietios of objects we chooss to comsider. By
learning to add and subtract such collections of objects the children are
supposed to be learning to add and subtract vectors; and by putting



objects on & second table whose nunber and variety are calculated by certain
rules from the collections on the first taeble, they are supposed to be
transforming their vector space.

The reader will recognize that these situations and activities
are isomorphic with vector algebra; but does this isomorphism justify actually
calling thenm wvector algebra? And is the thinking involved mathematical
thinking, of the same kind as that described in the preceding section?

So far as the children are concerned, the answer to the latter guestion
seems to me negative. It was the deviser of the games who had to do the
mathematics: for this entailed first, formulation of the concepts involved in
the vector algebra, and then tle invention of an assortment of embodiments or
exenplars of thcse concepts. By using the latter the children are led to
forn the concepts for themselves: but they do so without reflection or
formulation, and so are reaching them by a different and easier path. TWhether
or not they are learning mathematics therefore depends on how the latter is
defined, If it involves simply the formation of mathematical concepts, they
are: but on the view here put forward, that methematical thinking involves
also the exercise of reflective intelligence on mathemntical concepts, they
“are doing only the first half of it.

However, even if one does not accept the clain that ten year olds are
being taught vector algebra, there may well be value in this sort of
preparation for mathematics proper, if thorcby a set of concepts can be
devcloped ready for the tire when the pupil's reflective intelligence shall be
ready to make use of them. But care will need to be taken that suitable
eribodinents are chosen: aond for this the criterion is surely that they should
be true exenplars of the concept to be learnt, In the example given, since
a vector is a concept developed from the cormon properties of directed
quantities, it may be objected that gemes with groups of objects on a table
are not suitable cmbodiments of this concept.

Mathenatical generalization is thus a two-part process, in which concept
formation alternates with reflection on these concepts. Children are capable
of the first of these activities at an early age; but the second comes only
later -- perhaps not in its conplete form until adolescence. Before this
time, teachers cen probably do nuch to help children build up & useful set of
nathomatical ccncepts: but at this stage, the children arc still dependent
on the tcacher for dircction and for the choice and grouping of material. Tt
is not until the children can themselves formulate and reflect on mathematical
cencepts that they are beginning to become mathenaticians.

d). Problen sclving and the correction of errors: So fer, we have mainly
beon considering the building up of o schoma of nathematical concepts and
orerations, as distinct from the application of it to a particular task. More
attention has been given to the formation of a nmental skill than to its use,
cxcept imasnuch as use plays a part in its formation. Tt is now time to
ccnsider the functioning of the skill in the rany tasks to which it nay be put.
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0f particular importeance, both practical and theoretical, is the
solution of problems. By & problen is meant a task which connot be done
by routine application of methods already known, but which requires a new
nodification or combination of existing methods. Much of the practical
value of any skill lics in its adaptability to new situations; and the
less capable an individual of tasks which fall outside a narrow range of
routine, the less his valuwe in any position. This is particularly true
for mathenatics, sincc ibts special inportance to sciencec ond daily life is
its generality and applicability to o wide range of tasks. The ability to
epply knowledge in a different situation is a widely used criterion for
‘for understanding, as distinct from having lecarnt scomething 'parrot
fashion'. Theoretically, problem-solving appecars as a casc in which
e schena has to accormodate before it is capable of the task: a rapid
accormodetion to a particular task, as distinct from the slow and permanent
enlargement of the schema which was considered in part (c).

Successful problem solving requires first, that the necessary
concepts shall be availeble. (This will depend on the building~up process
described in (a)). Second, that the pupil is able to choose and modify
then as required. Particularly necessary here is the ability to nodify
the method in the light of informotion gained by earlier ettempts.

(Readers who are faniliar with the cybernmetic concept of feed~back will
rocognize this as a particular case.) If the first attenpt is successaful,
the tesk was for that pupil an casy problem. The essence of solving '
harder problens lies in the use of infermetion gained from each

unsucccssful attenpt to direct the next, -~ that is, in the correction of
errors. This can be a randon process or an intelligent one. In the first
case, the only informntion used is that the attenpt was umsuccessful, and
the way in which it is used is sinply to try a different mothod fronm the
available repertoire. This may be further away fron the right one than
before. Intelligent correction of errors uses also the information
wherein an attenpt was umsuccessful, to direct the next attenpt: obviously
o rore efficient method of attack. This involves, once ajain, reflective
awareness of the method itself. Suppose that a pupil has been getting a
particular kind of problen wrong, is told his nistake, amends his method

at this point, and thoreafter solves these problems correctly. To do this
he has had to roflect on his sequence of operations, modify a particular part
of it, and replace the former by thc nodified sequence. This entails both
receptor and effector aspects of reflective activity. This reflection will
be intelligent if and only if he understands his mistanke: thot is, if he
can see the relationships between the correct ond incorrect operations and
the desired result. Otherwisc he may be sble thereafter to do correctly
tasks reserbling the earlier oncs, but the change will only be rote-learnt,
and there will be no real accormodation of his conceptual schena.

The need for greater knowledge sbout the development of reflective
intclligence has been stated in the preceding section, and the foregoing
discussion enphasises this. For it is in the matter of problem solving
that many children find their greatest difficulty. This is no doubt poartly
due tc a failure to learn schematically, with consequent lack of transfer
to new tasks. The other cause of failure is to be sought somewhere in the



reflective systen, which nay either not be fumctioning at all, or be
functioning otherwise than intelligently.

For there is cortainly a varioty of reflective activities, of which
sone have already been nentioned: and teachers are all tooc well aware that
pupils often indulge in the wrong ones, as when they day-dreon instead of
thinking about their work. What causes an individual to reflect in one
fashicn rather than another on any particular occasion, and why do different
individunls develop their reflective abilities in one direction rather than
ancthor? In the prescmt context, what determines the development of
reflective intelligence, necessary adjunct of mathematical concept develop-
ment? And indeed, why does one ever reflect at all instead of, or before,
sinply responding in overt behaviour to an enviromment stimulus? To these
and nany other questions on the same topic, we have at present few answers.
This is perhaps partly bccause of the climete of psychological thinking
alrecady referred to; but also I think largely because of the nature of the
entity itself, which is to perceive and act, not to be perceived and acted
upen. That is to say, the nind has (by some means) developed within jitself
an organization (call it R) capeble to a linited extent of observing and
acting upon other parts of itself (call these SM). This does not appear to
have entailed the developnent of the ability of SM to perceive and act on R,
end the latter has as a result remsined lorgely un-noticed.

The first to point ocut explicitly the existence of the reflective
systen wens, appropriately, the pioneer of the unconscious:; Freud. It was
however quite & different mode of reflective activity that he described: o
restraining, self-punitive function which he called the super-ego. I have
elsewhere (%) discussed ot some length the relation between super-ego
activity and reflective intelligence. The nein conclusion was that these
two nodes of reflective activity are antagonistic, and that interference with
refloctive intelligence (and consequent inability at learning tasks and
problens dopendent on reflective intelligence, particularly nathenatics) could
be caused by cxcessive or inappropriate supor-cgo activity. This is however
an over-sinplification, and here serves mninly to make the point that the
further study of reflective intelligence will necessitate also the study of
cthor reflective activities which are related to it, and of the developnent
and interaction of these in the course of the individual's develomient.

e) Synbolism; Some of the uses of concepts do not require the ability to
become conscious of them. They can be formed by tle process described in
I11(a), and to some extent used, while they remnin unconscious. Their nost
effective use, however, demands thot they become objects of awareness in
thenselves, on which tho reflective processes deseribed in ITI {c) and (d)
can operate.  In this often difficult process, syrbolisation plays an
inportant part which is not yet fully understood.,

The chief functions of a symbol appear to bo as a label for the
ccnecept with which it is associated, amd as a handle by which to nmanipulate
it. As concepts becore of higher and higher orders, it becomes inpossible
to keep in niind their nmany attributes while at the same tine operating on
and with them. Verbal symbols, and nmathematical figures and characters,
are nuch easier to think of by virtue of their unitary nature; and by



-~ 19 -

tenporarily letting go of their neanings (i.ecs of the concepts for which
they stand), they can be menipulated rwuch nmore easily than the croncepts
themselves. Afterwards, the result of the nanipulation -- soluticn of
the equation, result of the integration, or whatever it may be -- is
interpreted by passing back again fron the symbols to their neanings,

Fron this it follows that a pupil needs tc form a concept before
learning the symbol for it. Otherwise, the symbcl will be empty of
neaning; and though he nay learn to manipulate it correcctly, he will do
so by rote =nd not by assimilating the concept for which it stands to an
intelligent schena.

However, when a concept is formed, but not forrulated,
symbolisation docs seen to help in the latter process.  Especially is
this sc if the symbolisation is of a particularly apt nature for
evoking the concept as well as just labelling it. Thus x* as a label
for the concept of the product of a factors each equal to x represcnts
nore than just an agreement enong nmathematiciens. By including x and a,
the associetion is preserved with the concept in a way which facilitates
transitions both ways. It %s ;byghese, transitions to end fron first
principles thet x"'o x = x - is arrived at. While preserving
the association closcly enough tc be useful, however, the symbolisn is
also loose enough to make possible the detachability fron its origins
necessary for generalization of a concept. Extension to fractionnl, zero
and negative indices wculd not be possible while the concept was written
in some such form as "x.x.X. ... (to a factors)". But again, it is the
presence of the separate identity of base and index, the index being
denocted by a symbol in customary use for numbers cf all kinds, which
groeatly facilitatcs the tronsition of thought to the possibility of using
all kinds of numbers for indices. The relation betweon concepts and
their symbols is thus one of great importance, end this is true not only
for those universally current anong nathematicians (such os indices,
differentinls, nmatrices) but for those which one invents newly for &
particular problemn, using small, capital, and Greek letters, prefixes and
suffixos, to symbolise the likenesses and differences of the concepts
involved. “Let mj and mp be tho nasses of the particles, u; and u,
their initial velvcities and vy and vy their final velocities....")

As ny old matherptics tutor used to say, "A good notation is half the
battle". '

An even nore interesting function of symbols is that of
facilitating the reflective process. When synmbols are written, they
become visible; which is to say, accessible to tho external senses,
and able to be renipulated by pen or pencil. Further, when mathenatical
work has been written down, 8ll the individual stages remain visible,
end the whole agreenent can be re-exanined with the greatest ease. Thus
by the use of written symbolisn, & nuch casier sensori-notor process
partly replaces the reflective process. Symbolisn thus relieves the
cognitive strain in two stages; by allowing the attention to let go
tenporarily of the concepts thenselves, and work with the symbols for
then instcad; and then by allowing this symbolic activity to be done
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partly by a scnsori-motor activity instecd of a reflective one. In both
cases it is cssemtial that the process shall be at any time reversible, from
writing to reflection, and from synbol to concept, in order that the written
syrbolic work shall alwnys ccrrespond to the conceptual schena. What the
writton symbols do is to allow the cttention to be concentrated on one part
at & time of this complex activity, while preserving and keeping available
the rost of it.

Finally, thore is the part played by symbols in cormumicetion. Provided
that a set of concepts exists in the nind of both speaker and hearer, or
writer and recader, and that these are associated with the same symbols, then
the symbols can be used to cormunicate informnation in ternms of the concepts.
If, howover, sonme of the concepts do not exist in the nind of the hearer or
roader, to that extent there will be no cormwmication. Applied to teaching,
this mcans once again that the formation of the concepts has to come first.

If these arc not in the mind of the pupil, the tencher's words and writing
on the blackboard will have no meaning for hin.

Yet in the building up of the ccncepts themselves, synbols have an
inportant function. For the concepts of mathematics ere thensclves based on
other concepts, and it is only by the use of symbols that the latter can be
grouped together in the right ways for thc formation .of the superordinate
" concopts.

The symbolisn of rathematics sppears from the foregoing to play an
indispensable part in the mental processcs invelved: yot once again, I have
becn unable to trace any research on its effect. By way of starting point,
three hypotheses are offered in section IV.

f) Motivation: What are in general the nmotivations for learning school
lessons 1s too complex and difficult a problenm to attenpt here. I have
sclected a singlc aspeet which is of special interest for mathematical
learning; a possible difference betweon the motivations for rote end for
schenatic learning.

Though reinforcenent learning theories differ in detail, & central
feature of them all is that learning tekes plece because certain acts are
followed by certain favourable rosults, described variously as need
satisfaction, drive reduction, anxiety reduction, etec.. That is, the acts
ore learnt not for their own sake but because they lead to rosults which are
of value to the organisn. This nccords well with the biologicel aspects of
learning, as a neans of acquiring behaviour holpful to the survival of the
organisn in a given enviromment. Meny experinments support these theories,
and I have no doubt of their validity in the field of rote learning.

A by-product of ny rescarch into schenatic learning, however, has beén
to form a strong inpression that the children found it pleasurable in itself,
quite apart fron any end which it night serve. Indeed, for then the
experimonts served no purpose at all., Colleagues and students to whon
I showed tho artificinl schemata often began playing with then for their owm
arusenent. Another example -- a far from clever child to whon I gave an
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intelligence test at his boarding school was disappointed at nmy next visit
thet thore were no more of these interesting puzzles.

These experiences are cconfirmed by sone of the writings of
nethenaticians thenselves (e.g. 13, ), and have led me to the hypothesis
that schenatic learning may be self-reinforcing, and independent of any
particular need which it may be instrumental in satisfying.

This does not contradict the biclogicnl view of the adaptive value of
learning, since knowledge acquired for its own sakec can often be put to uses
which cculd never have been thceught of in advance, and which therefore could
never have sorved as goals. Gemeral scientific curiosity has great
adaptive valuo; and for the techniques of mathenatics are feound practicel
applications unsuspected by those who originated them (e.g. differcntial
equations and electromagnetic thoory). What it does mean is that the
claborate systen of external pressures (marks, cxeninations and tests, form
crders, reports) which are considered necessary at many schools to make
childron work nay be doing mere harn than good, if they interfere with the
pursuit of mathematical skill as a pleasurable end in itself.

I know of no real research into this, in the form of controlled
experimonts. Dienes' verbatin reports of oxperimental lessons with children,
however, also support the possibility outlined sbove; so I have considered
it worth adding to the set of hypotheses in part IV.

SUMMARY

This swrmiery is presented chiefly in the form of a set of hypotheses,
a method which has several advantages for the present purpose. By .
fornulating concisely the principles which were in the provicus sections
oxtracted, synthesized and extrapolated from contemporary thinking and
research, these principles cen be offered as a basis for devising methods of
tocaching mathenaties which are likely to be sounder psychologically than nost
of those in curront use. By labelling then as hypotheses, their provisional
noture is acknowledged, and the need enphasised for an extensive research
progromme o test and develop them into theory. But the value of an
exper imental investigation depends largely on that of the hypotheses which it
tests; and it is my hope that by offering this systematic set of hypothcses,
rnostly of great generality, some of the future individual researches in this
field may be led to take forms such that the results can be integrated into
o conprehensive theory of mathematicel lcarning.
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8) Concept formation

It is desireble first to fornulate the idea of a sinmple concept. This
noy be described as o nmental abstraction of cormon properties of a group of
experiences or phenmomena -~ of objects (class-concepts), actions (operational
concepts), comparisons (relational concepts), etc. Implicit in Piaget's
work, and explicit in that of Dienes, is the suggesticn thet concepts of the
sinplest orders are the rusult of repeated sensory and/or notor experiences.
I have extended this to apply to the higher order concepts of rthematics.

Hypothesis 1. A sinple concept is a cumulative nemory trace
cribodying only those elements which are common to & certain group of
a.nd/or niotor experiences. TFor these, repetition has a cunulative
effect; individuel or accidental propertiss of the separato elements
de not accurulate, and so do not forn part cf the concept. Menmory
traces of the individual experiences can however co-exist with that
of the concept.

Hypothesis 2. Concepts can also be forred from groups of other concepts,
in o way corrusponding to that described in hypothesis 1.

The former will be called superordinate or higher order concepts, to
denote their relationship with the (subordinste) concepts fron which they
are formed.

Concepts can also be formed by conbining existing concepts: and perhaps
in other ways too, =-- these hypotheses are not exhaustive.

Hypothesis 3. Concopts in o new ficld, or of a higher order than
tThose alrcady in possession in that field, cannot be cormunicated
directly by definition: but only indirectly, by arranging for the
recipient tc form then in his own nind.

Hypothesis L. The way to holp a person to form a particular concept
.18 to arranpe for him to have a group of suitable experiences such
that the attributes of the concept are presenmt in all, but with
variability in the properties which do not form part of the concept.

The latter component of the experience has been terrmed ¥Ynoise".
(What is to be regarded as moise will of ccurse depend on the concept which
is to be formed.) Thore is ruech scope for experirent to find out the best
noise levels. Teo nuch noise, ond the concept is not formed: +tco little,
and some of the noise may become part of the concept. Assuning that

intelligence constitutes, or at least includes, the ability to form concepts,
then it follows; -

Eypothesis 5. The pore intelligent the person, the greater the proportion
of noise which can be tolerated and is useful.

This gives a criterion for fitting teaching methods to children. The
less intelligent the child, the less noise. Further, as tle concept becones
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gradually more securely forred, it becomes stronger relative to a given

amountt of noise. From this comes: -

Hypothesis 6. Early lessons on a particular concept should contain
less noise than the lster ones.

Hypothesis 7. Once forrmed, a concept is evoked by experiences which
have the relevant attributes, and forms part of the experience. In
the case of external objects, it is perceived as part of the object.

The foregoing hypotheses are entirely general, though porticulerly
relevant to mathematics because of its specially conceptusl nature.
Particularizing ncw for arithmetic and mathemstics;

Hypothesis 8. The developnent of number concepts and arithmetical
operations takes placc mainly by sbstraction from ropeated memory
and notor experiences with physical objects.

This predicts that verbal and blackboard teaching, and writton
exercises, are not by thensclves a sufficient basis for lcarning; while
allowing, by the word 'mainly!, roon for then in their functions of
directing and clarifying pupils' expecriences.

Indications for choosing and grouping suitable expericnccs are
contained in hypotheses 1 to 6.

Hypothesis 9. Mathematical concepts are not directly derived from
sensory or moter experiences, but all are superordinate concepts.

There follow two related hypotheses about how those superordinate
ccncepts are formed. These partly anticipate later cnes about
nathematical generalization.

Hypothesis 10. The superordinate concepts of mathematics are fomed
by two processes, which may occur separately or in combinationg

(a) by a continuation of the abstracting process already described,
in which new concepts arc now fcermed fron the cormon properties of a
group of concopts; '

(b) by processes of logical inference from existing concepts, in
which the latter arc made objects of consideration in themselves,
having becore independent of the instences in which they first

werce forred.

- Fron Hypothesis 10(a), the teaching of ncthematics requires that
tho pupil be given suitably grouped expericnces which ombody instances
of the concept which he is to form. Hypothesis 10(b) implies
intelligent reflcction, and this forms the subject of a later group of
hypotheses.
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'b) Schematic learning

Hypothesis 11. Thore are (at least) two different kinds of learning:
rote learning, and schematic learning.

Rote learning has already been nuch studied, and there is a considerable
litercture about it (sec 11). It is therefore not a hypothesis to describe
it as the learning of a set of habits as a result of certain acts being
repeatedly followed by satisfection of primery needs. Those who are faniliar
with Hullt's thabit~-fonily hierarchy' will recognize thot the next hypothesis
is but a slight oxtrapolation.

Hypothesis 12. Habits which are the result of rote learning remain
isolated, have no tendency tc become an integrated system, and show
little or no transfer to new situations.

~In contrast to the foregoing:

Hypothosis 15. Schenmatic learning is the formation of an integrated
systen of knowledge as a result of certain experiences (sensory, notor,
and also conceptual) being grouped together in the rind by the formation

of concepts.

Hypothesis 1. These concepts may be ovoked by any new situation which
conteins cxenplars cf the cxisting set of concopts. This makes possible
maxinun transfer of the relevant parts of the existing schemn.

Hypothesis 15. The learning process appropriote to arithmetic and
nothenatics is schemotic learning, not rote learning.

Though the repetition typical of rote learning also has its place in
schenatic learning, its function is quite different: namely, the building-up
of concepts. Kepetition should therefore embody sufficient variebility to
ensure this (see 1). Too little varinbility results in a tendency to
rote-lcarning, with failure of trensfer (as Katona's experiment shows:
rcefercnce 9, page 150).

Closely linked by Piaget to his concept of the schema are two other
concepts, assinilation and accormodation. By assinmilation he means the
fitting of ncw sonsory or motor activities inmto an existing schema without
nodification of the latter; and by accormodation he means any modification
of a schoma which nay be necessary before new activities can be fitted into
it. It is clcar that only if thesc are achieved can schematic learning be
comtinued. If accormodation is unsuccessful, schematic lecrning breaks
down and the pupil cannot understand the new task. Further understanding
of how accormodation can be aided is thercfore of great inportoance for
teaching. Two hypotheses are offercd boaring cn these two related
proccsses.
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Hypothesis 16, When new manterial comteins only exemplars of
existing concepbs, and new tasks presented require only existing
operations, then the ncw situation can be assinilated to
existing schemata.

#pxisting" implies, of course, ¥in the nmind of the subject.
J

Hypothesis 19. Then ncw material cannot be fitted into an existing
schemn In the way Just described, accormedaticn of the schema nay
scmetimes be achieved by the formetion cf new ccncepts which (a) are
closely related to the concepts of the existing schema (b) include
as exenplars the new nmaterial.

An exanple of this process was the acccrmodation of the scheme
of indices, by the formation of the new ccncepts of as negative indices,
to enable it tc assinilatc new tasks such aos 2 x!(of which it was
previously incepable). But this has already-beén used in section ITII
as an oxanple of mathematical generalization: which may thercfore be
rcgarded as one kind of accormedation.

Further hypotheses about mathematical generalization form the
subject of the next section,

c) Mathematicel generalization

In conbrast to the naturel sciences, the development of new
nathematical concepts is mainly from existing ones, rather than from
new data derived from oxploretion of the physical environuent.

Hypothesis 20. Mathematical generalization takes place partly
by the Tormoticn of superordinste concepts from existing ones.

Hypothesis 21. New conccpts are also formed in the ccurse of
deIiberately acccrmodating schemeta, either because they have
been found incapable in their present form of assimilating
new tasks and data, or to resolve a contradiction.

In the course of this, the schera itself has to be nade the
object of study.

Hypothesis 22. The kind of generalization described in

hypothesis 21 is only possible in its fully developed form when the
person decing it can become aware of thc concepts as objocts of
attention in themselves, independent of any particulcr

embodinent .

This inplies thot the person can be conscicus of the conceypts
when there is no prosentetion to the external senses, and loads to
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Hypothesis 23, Also required is a mentnl orgonizeticn capable of
beecning aware of purely mental objects, of acting on them in various
ways, and of cbserving the results of these mental operatioms.

This nenbal organization has been named the reflective systenm; and
by analogy with the sensori-notor system one can distinguish in it receptor
and cffector functions, though it has no visible sense organs and no nuscles.
Continuing the analogy, reflective activity, like sensori-notor activity, cen
be of many varieties.

Hypothcsis 24 The reflective activity nccessary for mathematical
generalization is reflective intelligencee.

We would therefore like to know more sbout the development of
reflective intelligence. According to Piaget and Inhelder:

Hypothesis 25. Reflective intelligence is not fully developed until
alter puberty.

If this development is not solely a process of maturation, thot is,
‘#f cnvirommental influonces exert a contributory effect, then some teaching
metheds should be more favourable to its development than others.

Hypothesis 26. The development of reflective intelligence will be
favoured by requiring pupils to explain and describe their methods,
and by other tecaching nmethod which dirscts pupil!'s awarcness towards
the concepts they use.

d) Problen solving end correction of errors

Problemns were defined as tasks requiring a new modification or
combination of exisbting methods. This rapid accormodation may occur
spentencously where the gap between the available methods and the particular
cnos necessary for the problem is not too great, i.e, for easy problems. In
general, however, accormodation will be more efficient if the method can be

deliberatcly nodified in the light of information gained from unsuccessful
ottenpts.

Hypothesis 27. Successful problem solving requires the ability to
reflect on the relevant mathematical schemata.

This requirement applies alsc to the simpler case, where pupils correct
their errcrs in more routine tasks as a result of correction by the teacher,

if the change is to be based on an understanding of their nistakes and not
on rote lcarning,

Hypothesis 28. Failure at mathemetics by children of good general
incclligence may be dus to two possible causes, separatcly or in
cortbination:

(2) Failure to learn schematically

(b) 1Inobility to reflect intelligently on the mathemetical schenn.
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And to account for the second of these effects in children of
an age when their reflectiwe intelligence should be fully operative:

Hypothesis 29. Normal functioning of reflective intelligence may be
bIocked by ofher reflective activities which are antagonistic to it.

e) Symbolisnm

Hypothesis 30. The process of formulating a concept, and also its
monipulabion, arc both helped by associnting the concept with an
appropriate symbol.

Hypothesis 31. An appropriate symbol is one which can act as a
reninder ol” the concept without being too closely tied to specific
examplars. It can also inply a relationship with other concepts.

Hypothesis 32. In the building-up of the superordinate concepts

of mathematics by the processes described in hypotheses 2, 3, )-h

10, the way in which the contributory concepts are evokod and grouped
is by means of the symbols for them.

Syrbolism thus plays an essential part in the building-up of new
conceptss but it can only be effective if the learner has tho concepts for
which the symbols stand. If he has not, the result can at becst be only
rote learning.

f) Motivation

Hypothesis 33. Schomatic learning is experienced by the lcarner aos
pleasurable in itsclf, quite apart from any need which it may scrve.

Oon this hypothcsis, the learning of methematics can be enjoyed for
its own sake.

Appendixe Factor analysis

There have been a certain number of investigations into the
psychology of mathermtics based on the method of factor analysis, of which
no mention has yet been made. There are two rensons for this omission.

The first is that I believe the mecthod to be invalid (though highly
ingonioust) on both psychological and mathcmatical grounds which would take
toc much space to explain here, The second is that even if the results
obtained thereby (that certain factors, such as general intelligonce, verbal,
spatial, numerical, collectively and in certain proportions account for
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mathematical ability) are valid, this information leaves us little or none the
wiser as tc how to teach mathematics. On this view, it seemed wrong to use
space and occupy the reader's time with material which did not contribute to
our understanding. It would however be equally improper to cmit also the
informotion that the factor analytic approach is still in favour with many
psychologists, or to fail to give the reader the opportunity to form his own
opinion of the matter. To this end I have given section (V) of the

bibliography to some represemtative factor analytic investigetions of
mathematical ability.
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BIBLIOGRAPHY

Sections (i) and (ii) contain only works which deal directly with
the psychology of mathematics as here presented, or which bear directly on
it. A short list of selected works was considered more useful for the
present purpose than a comprohensive unselected list from which the reader
would not knowwherc to choose. An additional reacson for brevity is the
fact that most of the existing research has as its basis either reinforccment
learning theory or factor analysis. Some of my reasons for rejecting these
approachcs have already been given: but te allow the reader to form his own
judgement if he wishes, I have listed in section (iv) six referenccs to
papers of the review type, which give very full bibliographies, and in
scoction (v) a selecticn of works on factor annlysis.

(i) Works on the psychology of mathematics.

1, Dienes, Z,P., Building up Mathematics

London, Hutchinson Educational, 1960Q.

Essemtial reading for the toaecher who wishes to know how the
pripeiples of concept formation described earlier can be applied to the
‘learning and teaching of mathemetics. It only deals with the elementary
stages, but a teacher who hes grasped the principles (which are made very
clear) may be able tc devise more advanced applicetions,

2. An Experimental Study of Mathematics learning, part 1.

To be published shortly by the Harvard University Press, in
collabeoration with Bruner, J.S.(who contributes part II).

Further development of his ideas at the theorctical level,
alternating with verbatim accounts of their experimental application with
children at the Harvard Centre for Cognitive Studies. Again, essential
rcading as soon as it becomes available: not nocessarily to accept every
word, but to help build up one's concepts about the learning of mathemestics.

3. Skonp, R.R. An investigotion into difficulties in learning mathematics
by children of good gerneral Intelligence.

Unpublished doctoral thesis (1958), Monchester University Library.

A full statement of the dovelopment of the ideas given in
soctions III and IV about rocflective intelligence and its relation to the
learning of mathematics, with particular consideration of interfering
factors., English readers can obtain it by inter-library loan.
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Reflective Intelligence and Methematics.

British Journal of Educational Psychology, Vol.XXXI (1961) pp. L5 ~ 55.
A summary of part of (3), with an account of one of the cxperiments.

(ii) Works which have a close boaring on the psychclogy of methemstics.

Piaget, J. The Child's Conception of Number .K

London, Routledge and Kegen Paul, 1952.

This is abeut the earliest foumdations of arithmetic, and not the
kind of mothematics with which we are concerned. But is is valuable for
the study of the growth of concepts, and some of the experiments related
are already regarded as classical. -

The Psychology of Il:ﬂ:elligencéE .

London, Routledge and Kegan Paul, 1950.

Difficult, but important because of the new ideas which it
pioneers., Not advised for those new to psychology.

How children form mathemnticel concepts. Scientific American,
November 1953, pe7l.

A useful conciso introduction to Piagett's ideas.

Inhelder, Barbel and Piaget, J. The Growth of Logical Thinking ¥
London, Routledge & Kegan Paul, 1958.
This describes experiments by which are traced the stagcs of
development of logicel thinking, the latter being formulated in the
terminology of symbolic logic.

Katona, G. Orgenizing and Memorizing.

Wew York, Columbia University Press, 1940.

This bock, which is about the difference between meaningful and
non-neaningful learning, has received less attention than it deserves. The
numerous experiments become even morc significant when considered in
rclation to the principles of concept formotion and schematic learning.
Rocomrmended. '

* References are to the English translaticns
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10. Wertheimer, M. Productive Thinking.

London, Tavistock Publicetions, 1961.

This is an enlarged edition of a work first published in 19L3.
Much of it is about methods of solving mathematical problems, and it
is interesting tc read as an early step forward from associationist
psychology.

11, Hilgard, E.R. Theories of lLearning.

London, Methuen, 1958.

A book on leerning theory for psychologists and psychology
students which is in America the standard work on this subject.

(iii) Some works about the nature of methematics.

12. Russell, B. Introduction to Mathematical Philosophy.

London, Lllen and Unwin; New York, MacMillan, 1919.

In the present context, this famous werk may be read as a
beautiful exemple of the systematization of high-order concepts, and
alsc as o demonstrzticn of how unhelpful this approcch would be for
the purpose of trying to cocmmunicate the concepts of mathematics to
someone who did not possess them already.

13. Hardy, G.H. A Mathematiciants Apology.

Cambridge, University Press, 19L0.

Another famous mathematician empheasizes the autonomcus nature
of mathematical studies.

1. Sawyer, W.W, Prelude to Mathematics.

Lendon. Penguin Books, 1955.

This is an excellent bock for illustrating the almost playful
manipulation and exploration of concepts as such which mathematicians
enjoy for its own sake. T suggest that it bo rcad pertly as a study
of the nmotivaticns of mathematicians.

(iv)  Recont review papers.

15. Du Bois, P.G. and Feierabend, Rosalind L. (Ed.) Research Problems in
Mothematics Education.

Washington, U.S. Dept. of Health, Educction and Welfare (1960).
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This begins with a review of ccmpleted research, The other two
sections discuss problem areas, and proposals for further research. Since
the first scction alone is longer than the present monograph and has a
285 item bibliography, it is hardly possible tc swuimarize this (itself a
sumuery) herein; especially because also the approcch is not easily
essimilable tc the schema which I have developed. It is therefore
recommended as complementary reading. Being a U.S, Government publication,
it is inexpensive and easily obtained even cutside the U.S.A. Nine authors
contribute.

16, Mialaret, G. The Teaching of Methematics.

Educeation Abstracts, Vol. XI, Noe. 9. Paris Unescoc, 1959.

More than half of this is an annctated bibliocgraphy of books
about the teaching cf mathematics. ‘

17. Wall, W,D. and Biggs, J.B. Psychological and Educational Researches into
the Teaching of Arithmetic and Matheretics. Paris, Organization for
European Economic Co-operation, 1959.

Part I surveys the principal lines of investigation before 1950,
and Part II those since 1950. 163 item bibliography.

18. Jchnson, D.A. Implicaticns of Research in the Psychology of Learning for
Science and Mathematics Teaching. Review cof Educaticnal Research,
Vol. XXVII (1957 No. L: ckapter VIIT.

This author too lements ¥the paucity of research on learning".
76 item bibliography.

19. Hotyat, F. Teaching Mathematics. Paper given at meeting of Europcan
Centres of Educational Research, Jume 11 - 13, 1959.

Obtainable in duplicated form from National Foundation for Educetional
Research, London.

This author considers that "The research work at the secondary
level year is much less in quantity and much less advanced in scope than the
research for the elementary school”. He formulates scme of the chief
issues in a useful way, and gives a A jtem bibliography.

20+ Curr, W. and Peel, W. Summary of Research in Arithmetic and Mathemsatics.

Paper read at Eltham Conference, dupliceted by National Foundation for
Educaticnal Research, London, 1959. 69 item bibliography.
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(v) Factor analysis.

Thurstone, L.L. The Vectors of Mind.

Chicago, University of Chicago, 1955.

By no means all the books on factor analysis give enough of the
methematical theory for the reader to follow and evaluate the argument
for himself. This does.

Wrigley, J. The factorial nature of ability in elementary mathematics.
British Journal of Educztional Psychology, vol. XXVIII (1958), p.61.

This contains a useful survey of earlier research in this
field which used the method of factor analysis.

Iee, Doris M. A study of specific ability and attainment in mathematics.
British Journal of Educational Psychology, vol.XXV (1955), p.178.

Barakat, M,K. Pactors underlying the mathematical abilitics of grammar
school pupils. British Journal of Educetional Psychology

vole XXI (1951), p.259.

Weber, H. Untersuchungen {iber die Factorenstruktur numerischer Aufgabecn.
(An investigation into the factorial structure of numerical tasks.)
Z. exp. angewand. Psychol., vel. 1 (1953), p.336.

Murray, J.E. An analysis of geometric ability. J. Educ. Psychol.,
vol. 4O (1949), p.118.






